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Abstract
We study the SL(2, R) WZWN string model describing bosonic string theory in AdS3 space-
time as a deformed oscillator together with its mass spectrum and the string modified SL(2, R)
uncertainty relation. The SL(2, R) string oscillator is far more quantum (with higher quantum
uncertainty) and more excited than the non deformed one. This is accompassed by the highly
excited string mass spectrum which is drastically changed with respect to the low excited one.
The highly excited quantum string regime and the low excited semiclassical regime of the SL(2, R)
string model are described and shown to be the quantum-classical dual of each other in the precise
sense of the usual classical-quantum duality. This classical-quantum realization is not assumed nor
conjectured. The quantum regime (high curvature) displays a modified Heisenberg’s uncertainty
relation, while the classical (low curvature) regime has the usual quantum mechanics uncertainty
principle.
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1. INTRODUCTION
We consider the SL(2, R) WZWN (Wess-Zumino-Witten-Novikov) model of level k, de-
scribing a bosonic string theory in a 3-dimensional Anti de Sitter space-time (AdS3 ∼=
SL(2, R) ∼= SU(1, 1)) that is, the string dynamics takes place in an exact conformally in-
variant background which is locally a (2 + 1) dimensional anti de Sitter space time with
torsion,[1]-[5].
In the algebra of the SL(2, R) WZWN model, instead of having the fundamental Abelian
Harmonic oscillator commutator [a, a+] = I, one has a non-Abelian Kac-Moody algebra for
the conserved string currents.
This algebra structure can be understood as a deformed oscillator. In particular, the
k dependent SL(2, R) central charge leads to a precise modification of the Heisenberg’s
uncertainty relation in string theory, which in the limit k →∞ reduces to the usual quantum
mechanical relation. The study of the WZWN model in terms of their conserved currents
allows a clear characterization of string coherent states as eigenstates of the annihilation
operator. These states satisfy minimal uncertainty for the generalized Heisenberg’s relation,
and they are in this sense the most classical ones.
The level k can be expressed as the ratio between the characteristic AdS classical length
Lcℓ and the characteristic AdS string length Ls. The inverse of these two lengths defines a
classical frequency ωcℓ and a string frecuency ωs respectively.
Two different physical regimes are realized in the SL(2, R) model: a strict quantum
string regime and a semiclassical (quantum field theory) regime. For k → 0 (Ls ≫ Lcℓ), we
are in a high curvature AdS quantum string regime. The algebra is, in this case, a highly
deformed oscillator and the modification of the usual Heisenberg’s principle is dominant
in this limit. The highly excited mass spectrum is drastically modified (m ∼ n/Lcℓ) with
respect to the flat space one (m2 ∼ n/α′). For k →∞ (Ls ≪ Lcℓ), we are in a low curvature
or semiclassical (quantum field theory) AdS regime. In this limit, we have a non deformed
oscillator and the usual quantum mechanics Heisenberg’s principle is reproduced. Similarly,
for k →∞, the flat space mass spectrum is reproduced.
The classical and quantum AdS lengths satisfy the relation LcℓLs = l
2
s = α
′, being α′
the string constant and ls the fundamental string lentgh (h¯ = 1 = c). The quantum string
regime of the model is characterized by the quantum set (k, Ls, ωs), while the semiclassical,
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or quantum field theory (Q.F.T), regime is characterized by the set (k˜ = k−1, Lcℓ, ωcℓ).
By changing Lcℓ into Ls, (and thus k into k
−1), the quantum string regime becomes the
semiclassical regime and conversely. Moreover, the highly excited and the low excited mass
string spectra map into each other, and the same behaviors appear for the string current
algebra and the Heisenberg’s uncertainty relation.
As a consequence, these two regimes are duals of each other, but in the precise sense of
the usual classical-quantum (or wave-particle) duality. This classical- quantum duality does
not require the existence of any isometry in the curved background nor needs a priori any
symmetry nor compactified dimensions [6].
The SL(2, R) WZWN model realizes, in a clear and explicit way, the dual behavior of
the quantum string regime and the semiclassical (Q.F.T) regime, which is built here.
The dual nature of the relation between the quantum string regime (QS) and the semi-
classical or quantum field theory (QFT ) regime is also supported by the results of QS and
QFT dynamics in curved backgrounds [7]-[9].
Finally, we compare the SL(2, R) string model algebra to a deformed quantum me-
chanics oscillator, with deformation parameter 1/k, both models having the same modified
uncertainty relations. The quantum mechanics deformed oscillator has a higher energy
spectrum than the non deformed one, and analogously to the string model, for k → 0 the
energy excitation is maximal; on the contrary, for k → ∞ (lowest excitation) the algebra,
energy spectrum, and usual Heisenberg’s principle of the non deformed harmonic oscillator
are recovered.
2. THE SL(2, R) ALGEBRA OF STRING CURRENTS
The SL(2, R) WZWN action has a set of conserved right and left moving currents, we
call them J±(σ
±) (σ± = τ ± σ being right and left moving coordinates on the world sheet).
These currents can be expressed, in terms of their Pauli components, as
J± = ηab J
a
±
tb = J+
±
t− + J−
±
t+ − J3
±
t3 (1)
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being the space-time metric η+− = η−+ = 1,η33 = −1, and t± = 12(t1 ± it2) which in terms
of Pauli matrices are
t± = ±1
2
(σ3 ± iσ1), t3 = 1
2
σ2 (2)
For each component of a definite current J± we have a Fourier mode expansion
J±,3± =
+∞∑
n=−∞
J±,3±,n e
−inσ± (3)
Taking, for example, just the right moving current J− (we drop the subindex from now
on), the SL(2, R) Kac-Moody algebra is
[
J+m, J
−
n
]
=
(
2 J3m+n + k m δm+n,0
)
(4)[
J3m, J
±
n
]
= ± J±m+n (5)[
J3m, J
3
n
]
= −k
2
m δm+n,0 (6)
where
k =
1
H2 α′
(7)
(h¯ = 1 = c), α′ is the fundamental string constant, and H =
√
|Λ| where Λ < 0 is the
AdS3 cosmological constant. Introducing the characteristic AdS3 classical length Lcℓ
Lcℓ = H
−1 , (8)
and the quantum string length Ls
Ls = H α
′ , (9)
k can be expressed as the quotient of the two characteristic lengths in AdS3 :
k =
Lcℓ
Ls
(10)
We particularize now to circular string configurations on the SL(2, R) group manifold .
Then, the Fourier mode expansions for the components reduce to
J+ = J+
−1 e
iσ− ; J− = J−+1 e
−iσ− ; J3 = J30 (11)
(thus, the n = 0, + 1,−1 modes are the only relevant). This subalgebra is considered
for mathematical simplification and clarity reasons while describing the relevant physical
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contents of the model. Other string configurations can be used as well. The SL(2, R)
Kac-Moody subalgebra generated by the J+−1, J
−
+1 and J
3
0 components is given by[
J−+1, J
+
−1
]
= ( I + 2
J30
k
) (12)[
J30 , J
+
−1
]
= J+
−1 (13)[
J30 , J
−
+1
]
= − J−+1 (14)
where we have used the following redefinitions
J−+1√
k
→ J−+1 ;
J+−1√
k
→ J+
−1 (15)
Notice that ( J+−1)
+ = J−+1 and ( J
3
0 )
+ = J30 . The J
−
+1 and J
+
−1 operator components play
the role of annihilation and creation operators respectively.
At this point, let us introduce the following self-adjoint operators
X =
Ls√
2
(
J+
−1 + J
−
+1
)
(16)
P =
i√
2 Ls
(
J+
−1 − J−+1
)
(17)
X and P play the role of position and momentum operators respectively. Then, in terms of
X and P , the algebra Eqs. (12), (13) and (14) reads:
[X,P ] = i
(
I + 2
J30
k
)
(18)
[
X, J30
]
= i L2s P (19)[
P, J30
]
= − i L−2s X (20)
Let us define the operator H in terms of the J30 current:
H = ωsJ30 (21)
where ωs is the string frequency in AdS3
ωs = k H = L
−1
s (22)
In terms of H, the algebra Eqs. (13), (14), (or (19) and (20)) is:
[
J−+1, J
+
−1
]
=
(
I +
2
k ωs
H
)
(23)[
H, J+
−1
]
= ωs J
+
−1 (24)[
H, J−+1
]
= − ωs J−+1 (25)
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Therefore, in terms of X , P , and H, the algebra reads:
[X,P ] = i
(
I +
2
k ωs
H
)
(26)
[X,H] = i ω−1s P (27)
[P,H] = −i ω3s X (28)
(kωs)
−1 =
L2s
Lcℓ
= α′ 2H3 (29)
Notice the differences and analogies with the usual harmonic oscillator relations.
Eqs. (27), (28) coincide with the usual harmonic oscillator commutation relations, while
Eq. (26) is a deformed commutator algebra due to the Kac-Moody central charge. Also,
H here is not a quadratic Hamiltonian in the X and P operators, but un independent op-
erator ωsJ
3
0 . The deformed SL(2, R) algebra leads to a precise modification of the usual
Heisenberg’s uncertainty relation in string theory.
3. SL(2,R) QUANTUM STRING UNCERTAINTY AND MASS SPECTRUM
Let us discuss the implications for the Heisenberg’s uncertainty relation in this context.
We know from standard quantum mechanics that
∆ XΨ ∆ PΨ ≤ 1
2
|〈Ψ|[X,P ]|Ψ〉| (30)
where |Ψ〉 is a normalised quantum string state. Then, with the help of Eq. (26) we have:
∆XΨ∆ PΨ ≤ 1
2
(
1 +
2
k ωs
〈Ψ|H|Ψ〉
)
(31)
Eigenstates of the annihilation operator J−+1, that is coherent states, satisfy minimal
quantum uncertainty (equal sign in Eq. (31)), and are thus in this sense the most classical
ones [4]-[5].
The string modified quantum uncertainty Eq. (31) is larger than the usual quantum
mechanical uncertainty. The modification to the Heisenberg uncertainty relation Eq. (31)
is dominant in the limit k → 0 , that is when Ls ≫ Lcℓ. In this limit, we are strictly
in the quantum string regime. On the opposite side, the classical or semiclassical regime
corresponds to the limit k →∞, that is Lcℓ ≫ Ls, in which Eq. (31) reproduces the usual
quantum mechanics result. Thus, Eq. (31) shows that quantum string oscillations are far
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more quantum than semiclassical (quantum field theory) oscillations (k →∞) which in the
strict limit reproduce the usual quantum mechanics uncertainty principle.
Moreover, the study of the SL(2,R) string model in terms of their conserved currents,
as a deformed oscillator, allows a clear characterization of the quantum states, namely
coherent states, and the analysis of the corresponding quantum high mass spectrum[4].
Quantum coherent states, eigenstates of the annihilation operator J−+1, generalize ordinary
coherent states of quantum mechanics, and they correspond to oscillating circular strings in
the classical limit [5]. The quantization condition for the high mass states arises from the
condition of finite positive norm of the coherent string states. In the k →∞ limit, the usual
properties of coherent, or quasi-classical states, are recovered.
Let us consider the quantum string mass spectrum of the SL(2, R) model, which is given
by [4]
m2α′ =
k
4
+N
(
1 +
1
k
)
+
N2
k
(32)
There is an infinite tower of discrete mass states. We see that, in the semiclassical o low
energy regime (i.e k → ∞), the usual oscillators of the low excited (flat space-time) mass
spectrum are recovered:
m2α′ ≃ N + k
4
(33)
This corresponds to a low curvature (low H) regime. The algebra (Eqs. (26), (27), (28))
becomes in this case the usual (non deformed) algebra of oscillators.
On the other hand, the quantum highly excited states of the mass spectrum appear for
N ≫ k :
m2α′ ≃ N
2
k
(34)
corresponding to a drastic change in the spectrum , (m ∼ NH), with respect to the low
mass oscillators, (m ∼
√
N/α′). This is a high curvature (high H) AdS quantum regime,
Ls >> Lcl. The algebra is, in this case, a highly deformed oscillator.
4. CLASSICAL-QUANTUM DUALITY
The two relevant characteristic lengths Lcℓ and Ls, Eqs. (8) and (9), satify the relation
Lcℓ Ls = l
2
s (35)
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and therefore they can be related by the tilde operation
L˜s = Lcℓ = l
2
s L
−1
s (36)
L˜cℓ = Ls = l
2
s L
−1
cℓ (37)
where ls =
√
α′ is the fundamental string length, (h¯ = 1 = c). For the level k Eq. (10)
and for the string frequency ωs Eq. (22), this imply
k˜ = k−1 (38)
ω˜s = (l
2
s ωs)
−1 = ωcℓ (39)
ω˜cℓ = (l
2
s ωcℓ)
−1 = ωs (40)
where ωcℓ is the classical frecuency in AdS3
ωcℓ = L
−1
cℓ = H (41)
That is, under the tilde operation, the quantum string regime becomes the semiclassical
or quantum field theory regime, namely: k → 0 (string quantum regime) transforms into
k →∞ (semiclassical regime).
This means that the quantum string limit and the semiclassical QFT limit of the SL(2, R)
string model are dual of each other in the precise sense of the usual classical-quantum
(wave-particle) duality. In other words, the quantum string regime characterized by the set
(Ls, k, ωs) is the quantum dual of the semiclassical Q.F.T regime (L˜s, k˜, ω˜s) = (Lcℓ, k
−1, ωcℓ).
We go from one regime into the other of the same string system, both for the string current
algebra, ω˜s = ωcℓ, and for the mass spectrum.
The SL(2, R) string model is a well defined and explicit realization of the dual character
of both regimes.
This semiclassical-quantum gravity duality does not require the existence of any isom-
etry in the curved background, and it does not need a priori neither any symmetry nor
compactified dimensions. Several types of relativistic operations L→ α′/L appear in string
theory due to the existence of the dimensional constant α′ (for example, T -duality first de-
scribed on toroidal compactifications). However the duality, we are considering, is of the type
classical-quantum (or wave particle) duality (de Broglie type) relating classical/semiclassical
and quantum behaviors, and extended here to include the quantum string regime. The de
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Broglie relation Lq = h¯p
1 is not the expression of a symmetry transform between physically
equivalent theories, but it links, through h¯, two different behaviors of nature. In a similar
spirit, Lq = l
2
P lLcℓ relates two different (semiclassical and quantum) gravity regimes.
This semiclassical-quantum realization is not assumed nor conjectured. Besides the ex-
plicit realization built here in the WZWN model, explicit results from the dynamics of QFT
and QS support it in a wide class of curved backgrounds [9].
QUANTUM MECHANICS DEFORMED OSCILLATOR
Let us consider, for comparison, an oscillator hamiltonian Ho given by the usual expres-
sion
Ho = ω
2
(
a a+ + a+ a
)
(42)
having the deformed commutation relations
[
a, a+
]
=
(
I +
2
k ω
Ho
)
(43)
Eqs. (42) and (43) lead to:
[Ho, a] = − ω(k)
(
I +
2
k ω
Ho
)
a (44)
[
Ho, a+
]
= ω(k) a+
(
I +
2
k ω
Ho
)
(45)
and Ho can be written
Ho = ω(k)
(
a+ a+
I
2
)
(46)
where
ω(k) =
ω
1− 1
k
(47)
being N = a+a the number operator. Let us introduce the self-adjoint operators X and P
X =
L√
2
(
a+ + a
)
(48)
P =
i√
2 L
(
a+ − a
)
(49)
where L = ω−1 is the oscillator length, then Eqs. (48), (49) and (43) lead to the following
algebra
[X,P ] = i
(
I +
2
k ω
Ho
)
(50)
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[X,Ho] = i L2
(
ω P + k−1 {Ho, P}
)
(51)
[P,Ho] = − i
L2
(
ω X + k−1 {Ho, X}
)
(52)
from which the conmutators [X,Ho] and [P,Ho] can be solved and the full algebra can
be written as:
[X,P ] = i
(
I +
2
k ω
Ho
)
(53)
[X,Ho] = −i ω
−1
(1− k−2)
(
I +
2
k ω
Ho
) (
ω−2X
k
+ i P
)
(54)
[P,Ho] = −i ω
3
(1− k−2)
(
I +
2
k ω
Ho
) (
X + i
ω−2P
k
)
(55)
For k →∞ the algebra reduces to the usual harmonic oscillator algebra.
This algebra (Eqs. (53)-(55)) can be compared to the SL(2, R) string oscillator algebra
described above. The [X,P ] commutators of both systems are the same, and the two other
commutators coincide in the k →∞ limit.
From Eq. (46), the energy spectrum is given by
En = ω(k)
(
n +
1
2
)
(56)
Since ω(k) > ω, the deformed oscillator has a higher energy spectrum than the non deformed
one. In particular, the constant energy gap is larger than the one in the normal oscillator.
The energy excitation is maximal in the k → 0 limit. On the contrary, for k → ∞,
ω(k) → ω, the algebra and the energy spectrum become the ones for the non deformed
oscillator. The usual non deformed oscillator is a low excited regime with respect to the
deformed one.
Thus, the SL(2,R) string model can be compared to a deformed oscillator of string fre-
quency ωs and deformation parameter 1/k. The SL(2, R) string algebra Eqs. (23)- (25),
where J−+1 and J−1
+ are annihilation and creation operators respectively, can be compared
to the Eqs. (43)- (45) for the deformed oscillator. Both models have the same modified
uncertainty relations, although for the SL(2, R) string model the hamiltonian H is not a
function of the J−+1 and J−1
+ operators but an independent operator J30 (Eq. (21)). The
energy spectrum of the deformed oscillator is far more excited than the non deformed one,
as the mass spectrum of the SL(2,R) string deformed oscillator is far more quantum than
the low excited k →∞ (semiclassical) one.
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